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ABSTRACT
We extend the usage of Categorical Functional Data Analysis (CFDA) onto the
biofam dataset utilizing a Discrete-Time Hazards Model onto past sequence history
data at differing periods along an individual’s lifespan to predict a terminal outcome
within the next time state. To enable CFDA onto different sequences lengths within
a hazard dataset, we normalize sequence lengths using trajectory’s relative dura-
tion. In addition, CFDA is compared against traditional methods such as Distinct
Successive States (DSS) with Partition around Medoids (PAM) and a regression of
the outcome variable against all distinct state sequences at given times.
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1. Introduction

Sequence History Analysis (SHA) is a commonly used method for synthesizing
life-course history, it measures longitudinal data by applying a distance measure on
differing sequences; one commonly used such method is Longest Common Subsequence
[3], which calculates the transitions needed, using only insert and delete to convert
one sequence to another as a metric of dissimilarity between two sequences. This
is compounded by utilizing a clustering technique such as PAM on a dissimilarity
matrix to cluster observations together.

Event History Analysis (EHA) predicts risks at time t and utilizes the Person-
Period dataset format on observations in a discrete time survival format to predict
whether a hazard event occurs. This method is commonly paired with Sequence
History Analysis by utilizing the clusters built by Sequence History Analysis as a
predictor.

Longest Common Subsequence paired with clustering has limitations as not every
state has the same distance. The distance between (Single - Relationship) is the
exact same as (Relationship - Married), although the subjective human experience
defines a large gap between the former compared to the latter. Additionally, the act
of clustering yields a discretization error as observations are forced to be associated
with a specific cluster rather than a mixture of many. In spite of these issues: uniform



distance and discretization, Longest Common Subsequences is frequently used as
the combinatorial space is too large for traditional processes to fully capture all
variation. Our specific dataset has a total of (715) + (714) + . . . + (71) or more than
5 trillion possible sequences. However, not all sequences can be used, as one would
deal with both overfitting and sparsity if all sequences were used. Additionally, recent
techniques such as encoders are not a silver bullet as encoders take a large degree of
fine-tuning to properly apply, given that the space is still sparse for encoder-based
methods.

One possibility which circumvents the limitations of these traditional methods is
Categorical Functional Data Analysis (CFDA) [4], which offers the possibility of repre-
senting sequences as continuous Functional Principal Components (FPC). Commonly
used sequence normalization methods [1] followed by utilization of CFDA on said
sequences allows for the usage of such FPCs as potential model features.

2. CFDA (Categorical Functional Data Analysis):

Representing the variation within the data between distinct categorical states as con-
tinuous variables is difficult. However, it solves the issues of overfitting and sparsity by
storing representations of the combinatorial space in lower dimensions. CFDA specif-
ically allows for the utilization of greater data in this manner:

(1) Represent sequence histories as a stochastic process.

Time 1 2 3 4 5 6
Living With Parents 1 1 0 0 0 0
Left Parents Abode 0 0 1 1 1 1

(2) Fit a series of curves that would approximately be the

# of states×# of people

Each individual curve is joint on the other curves for the same individual so the
probabilities sums to 1. This has a simplex constraint.

(3) Implement a Centered Log-Ratio which would log-transform the probabilities
against the geometric mean so that the states are mapped into Euclidean space.

(4) Perform eigen-analysis on the joint covariance matrix and the inner product
matrix to generate the eigenvectors.

(5) Multiply the eigenvectors by the basis function so that we have the principal
functional components mapped to the basis function.

These principal functional components generated in step 5 generate a series of con-
tinuous vectors which capture the variance within the sequence.

3. Method

We utilize a mixture of both EHA and SHA to build our model which is based on
past life histories of 2000 individuals born in Switzerland between the years of 1909
and 1957 [2]. These individuals have their habilitation status recorded annually from
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the ages of 15 to 30 comprising of: P = Living with Parents, L = Left Parent’s Home,
M = Married but still living with Parents, LM = Left Parent’s and Married, C = Has
a Child but still living with Parents, LC = Left Parent’s abode and has a Child, D =
Divorced, LMC = Left, Married and has children. The outcome event is whether the
individual arrives at “LMC” or Left + Married + Children in the next time state. All
observations which include the terminal stage are censored and the outcome variable
is defined as TRUE for the period immediately preceding the outcome event, all other
periods are as FALSE. This structure utilizes the baseline formulated by Scott et al [5].

LCS (Longest Common Subsequences) creates a distance matrix between the
unique sequence states using only insertion and deletion. For example, PPP-MMM
and PPP-LL would both be reduced to P-M and P-L and these sequences would
have a distance of 2 between each other (One Deletion and One Insertion). PAM
(partitioning around medoids) is applied onto this distance matrix to cluster all
observations into distinct clusters. The model then regresses the outcome variable
(odds of LMC next time) against sex, time, and the assigned cluster.

One further test utilized is modeling all distinct prior states which have occurred
prior to that moment for a person-period pair (including the current event) as
categorical variables and utilizing that variable as a predictor within a regression
rather than clusters.

The final method would fully utilize CFDA onto a normalized sequence, as CFDA
cannot be utilized on datasets with different time lengths, as the matrix algebra would
simply not compute. Sequences would be represented proportionally, irrespective of
the total length. In this example, we would normalize past sequences onto 100 length
sequences.

Original Dataset

Time State
1 P
2 M
3 LC

Converted Dataset

Time State
1 P
2 P
. . . . . .
33 P
34 M
35 M
. . . . . .
67 M
68 LC
. . . . . .
100 LC
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These CFDA FPCs are calculated on the converted dataset and appended back to
the original DataFrame and subsequently used as predictors.

4. Results and Analysis

Method AIC Residual Deviance
Regression on Past Sequence History 6488 6444
Regression on 14 Clusters (PAM on LCS on DSS) 6480 6448
Regression on CFDA With 33 Functional Principal Components. 6325 6253

This CFDA methodology yields greater predictive accuracy than discrete states
alone (Residuals of 6253 vs 6444). In addition, the functional principal components
(FPCs) are informationally dense, as 25 functional principal components explain
0.969% of the variation. (Appendix A).

One unique observation is the fact that the harmonics are representative of specific
classes and trends. Harmonic 2 has a strong positive association between ax(t) and
the state of M (Married) and (C) (Has a child). Instances with the highest value of the
second FPC incidentally spend large sections of their time in the “M” and “C” state.
Conversely, we notice that for Harmonic 3, the value of the ax(t) is positively associ-
ated with the LC state and we also see that the instances with the lowest values for the
third FPC also spend a vast amount of their time within the state of LC (Appendix B).

One further emergent property of CFDA, is that some of these functional principal
components begin to encapsulate trends which directly relate to our outcome variable.
Functional Principal Component 19 has the highest significance and the lowest
p-value and it captures what appears to be the departure of individuals from their
family home at a specific time. The specific trajectories noted is that an increased
prevalence of M (Married) and LM (Left-Married) is directly associated with the
outcome occurring, which coincides with the dataset and rational assessment that
children generally follow marriage, especially given the LMC dependency in the
dataset. (Appendix C).

It does appear that CFDA is capable of extracting more fidelity from sequences
than traditional methods whilst also maintaining generally decipherable components.

4.1. Cross-Validation

To verify that the functional principal components are not merely overfitting to the
original dataset, the Biofam dataset was split into an 80:20 train-test split. Three
models were trained on the dataset: 1.) Regression on DSS. 2.) Regression on PAM
on LCS on DSS and 3.) Regression on CFDA FPC’s.

These models were then applied to the held-off test set and AUC was used as a
metric:
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Model Training AIC Testing AUC
Regression on DSS 5180 0.8202

Regression on PAM on LCS on DSS 5170 0.8209
Regression on CFDA FPCs 5026 0.8375

4.2. Correlation between Distance matrices

Correlation between Distance matrices: A distance matrix was computed for on the
CFDA FPC Coefficients and on a second distance matrix, which was the LCS on the
DSS matrix. A mantel test was run against both matrices and the correlation between
matrices is 0.625. However, what should be noted is that the mantel distance on both
matrices subset on different lengths yield different results. As sequence lengths get
progressively longer, the correlation between the LCS on DSS distance matrix and the
CFDA distance matrix gets progressively weaker.

5. Discussion: Extensions, Limitations and Future Directions

5.1. Representation of different data lengths

One limitation CFDA cannot solve even post - normalization is the inability to account
for differences between the homogenous sequence length. A sequence such as P and
P-P-P-P-P-P-P-P-P would have the exact same FPC’s despite different context. One
näıve solution would be to simply add an interaction term between each of FPC and
time, but this better results at the cost of adding many more predictors and does not
uniquely benefit the CFDA FPCS relative to the other models.

5.2. Representation of different data lengths

Model Results with An Interaction Term Between the Predictor Variable and Time
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Model Residual Deviance AIC AIC AUC
on Whole Dataset (Full Dataset) (Training Dataset) (Test Split)

Model 1 (DSS) 6267 6348 5065 0.8351
Model 2 (PAM) 6266 6326 5034 0.8367
Model 3 (CFDA) 6106 6244 4978 0.8406

5.3. Examining the Drift Between different successive states

One perplexity observation is the growing distance between the CFDA distance ma-
trices and the PAM on LCS on DSS distance matrix as the sequence lengthens. One
potential explanation is this: Life pathways are not homogenous; there are specific
trends and periods which are more correlated with transitions. However, LCS on DSS
always enforces near constant distance while CFDA FPCs matrices maintain variabil-
ity; here are some explanations. (Appendix D)

(1) Growing number of cumulative transitions: At early periods times, transitions
are rare. However, with more transitions occur with every subsequent period.
Each transition yields a different cost for CFDA compared to LCS on DSS
which increases the cumulative errors.

(2) Non-uniform heterogeneity at different periods. Movements to different states
occur non-uniformly, leading to differences in measurement. As an example,
presume that there are very few changes in relationship status before the age of
25 and then the majority of the dataset marries at the age of 26. At the period
of age of 26, CFDA represents marriage as a small proportion of the total data
to be mapped which is represented as a minimal change, but the LCS on DSS
would have marriage as a large-scale transition.

(3) Transitions to unique states may yield different costs. It is likely transitions
between different states yield different costs and cannot be compared to
a uniform transition space. Transitions to different states also occur more
frequently during later timespans within the Biofam data.

(4) Growing heterogeneity within the CFDA distance matrix when subset within
a distinct state, while LCS on DSS remains homogenous. Observe the subset
of P-L at time = 2. This unique transition can only be represented with one
permutation for both CFDA and DSS, thereby there is no distance between
the observations within the P-L substate in the CFDA distance matrix and no
distance between the LCS on the DSS Matrix. However, at time = 3, there
is distance between the distinct successive states within the CFDA matrix
P-L-L and P-P-L are different and will have distance from one another and
also different distances between all other states. However, on the LCS on DSS,
everything within that subset has the same distance with itself and other states.
At each successive state the number of unique states increases exponentially
increasing the variance within the CFDA distance matrix with time, thereby
pulling the mantel correlation lower.

A worthwhile idea is to examine the changes within the CFDA distance matrix
between different observations within the same LCS-DSS set. A further possibility
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would be to exclude outliers and to create synthetic datasets to analyze how quickly
the correlation these two methods drifts under real world circumstances.

5.4. Predictive Value of CFDA FPCs

Although the embeddings represent what appears to be pathways and the functional
principal components are statistically significant with respect to the outcome variable.
A further challenge is associating specific principal components with a specific Distinct
Successive State. Each embedding alone does not seem to predict a specific state with
a high degree of confidence but does to generally point towards specific trends and
pathways which are rather difficult to quantitatively define.

5.5. Conclusion and Summary

CFDA is a powerful tool that can be applied to survival analysis and has been shown
to outperform traditional methods such as PAM on LCS on DSS on our dataset for
prediction without incurring issues regarding overfitting and sparsity. However, the
FPC’s of CFDA are not fully interpretable in the same manner that PAM on LCS on
DSS is but this method generally retain a level of basic interpretability.
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7. Appendices

Appendix A. Variance Explained by Cumulative FPCS
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Appendix B. FPC Covariates and Harmonics Graphed
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Appendix C.
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